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In each exercise, write down the procedure or give explanations: a solution without
procedure or explanations won’t be evaluated, even if it is correct. You can do the
exercises in the order you prefer: notice that it is possible to solve any of them, even
without having solved the previous ones.
1) Consider the matrix with real coefficients
A =
 2 0 00 1 −3
0 −3 1
 .
(a) Compute the eigenvalues of the matrix A and a basis for each eigenspace.
(3+3 points)
(b) Find matrices Λ and Q giving a multiplicative spectral decomposition of
A. (2 points)
(c) Let qA : R3 → R be the quadratic form (canonically) associated to A:
compute qA(1, 1, 1) and classify qA with respect to the sign. (1+1 point)
(d) Choose a (non-zero) eigenvector u of A and compute the projection of
(15, 0, 0) onto U = span{u} and U⊥. (2+2 points)
2) Consider the linear system in the real unknowns x1, x2, x3
x1 + x3 = 1
−2x2 = 0
x1 − x2 = 0
−x1 + x3 = 1
.
(a) Is the system solvable? Explain why. (2 points)
(b) Compute the least square solution. (4 points)
(c) Let A be the coefficient matrix associated to the linear system. Compute
the dimension and a basis of N (A) and N (AT ). (2+2 points)
(d) Knowing that the linear system (AT )x = b1, resp. (A
T )x = b2, has
as solution x1 = (1, 1, 1, 1), resp. x2 = (1, 0, 1, 0), compute the general
solution for the linear system ATx = (b1 + b2). (2 points)
3) Consider the following matrix depending on the real parameter λ.
A =
 2 0 λλ 1 0
1 2 0

(a) Find the values of λ for which the matrix is invertible. (2 points)
(b) Fix λ = 0. Consider the first two columns c1, c2 of A. Complete {c1, c2}
to a basis of R3. (1 points)
(c) Fix λ = −2. Find the inverse of A and solve the linear system Ax = b,
with b = (1, 1, 1). (3+1 points)
